be a crossed product of a group G and the field F . We study the Lie properties of F λ σ [G] in order to obtain a characterization of those crossed products which are upper (lower) Lie nilpotent and Lie (n, m)-Engel.
Introduction
Let G be a group and let Aut(F ) be the group of automorphisms of a field F . Assume the mapping σ : G → Aut(F ) and the twisting function λ : G × G → U (F ) satisfy the following conditions: for all a, b, c ∈ G and α(a, b) ∈ F . The twisting function λ is also called a factor system of the group G over the field F relative to σ. It is a 2-cocycle of the group of units U (F ) of F with the natural G-module structure (in the cohomology group of G in U (F )). Assign to every g ∈ G a symbol g, and let F λ σ [G] = { g∈G gα g | α g ∈ F } be the set of all formal sums with finitely many nonzero coefficients α g . Two elements x = g∈G gα g and y = g∈G gβ g from F (i) g∈G gα g + g∈G gβ g = g∈G g(α g + β g ); (ii) g h = ghλ(g, h), where λ is the twisting function; (iii) α g = gα σ(g) .
The product of arbitrary elements x and y is determined by distributivity. It is easy to check that F λ σ [G] is an associative ring which is called a crossed product of the group G over the field F . If σ is a trivial mapping then we shall denote this ring by F λ [G] and it is a twisted group algebra. From (1) and (2) follows that λ(h, 1) σ(1) = λ(h, 1) = λ(1, 1), λ(1, h) = λ(1, 1) σ(h) .
Clearly, 1 · λ(1, 1) −1 is the identity element of the ring F For the twisted group algebra F λ [G] we can always assume without loss of generality, that the twisting function is normalized, that is λ(h, 1) = λ(1, 1) = λ(1, h) = 1, so 1 is its identity element.
In the theory of ordinary group rings the Lie properties play an important role. Group algebras with the many "good" Lie properties were described during the 70's using the theory on polynomial identities. Later these results were applied to the study of the group of units. In most cases the Lie structure reflects very well the characteristics of the group of units, there is a close relationship between their properties of them. Here we describe the structure of those crossed products which are upper (lower) Lie nilpotent and Lie (n, m)-Engel. We generalize results of Passi, Passman and Sehgal [9] which were obtained for the group algebras.
Preliminaries Results
Let F λ [G] be a twisted group algebra with normalized twisting function λ. Then
So λ(w 1 w 2 , g) = λ(g, w 1 w 2 ) = 1 and w 1 w 2 ∈ W. Furthermore, by (1) and (3), it is easy to check that
Similarly, g w −1 = gw −1 , and this shows that w −1 ∈ W , so W is a subgroup. Let H be a normal subgroup of G such that H ⊆ W and denote by I(H) the ideal of F λ [G] generated by the elements h − 1 with h ∈ H. It is easy to see that if {u i } is a transversal of H in G then the elements of the form u i ( h − 1) with h = 1 constitute an F -basis of the ideal I(H).
Define a new function: µ : G/H × G/H → U (F ) the following way: Choose two representatives g i = u k h 1 and g j = u l h 2 with h i ∈ H ⊆ W of the cosets of H in G. Then by (1) 
and h 1 u l h 2 = u l h for suitable h ∈ H. It is easy to check that
We proved that the twisting function λ satisfies the condition λ(g i , g j ) = λ(u k , u l ) and it can define the function
which is a twisting function of G/H. Of course, any element of F λ [G] has the form i u i x i with x i ∈ F λ [H] and x i + I(H) = λ i + I(H) for suitable λ i ∈ F . Now it is easy to see that F λ [G]/I(H) is an F -algebra with a basis consisting of the images u i of the coset representatives u i of H in G. We obtain the isomorphism:
Unlike ordinary group algebras, the twisted group algebra F λ [G] does not have a natural group basis. If the algebra F λ [G] has an F -basis G = { g | g ∈ G} such that for each g of G there exists an element d g ∈ F such that the elements of the set {d g g | g ∈ G} form a group basis for [12] to verify that a twisted group algebra is untwisted or stably untwisted. Recall that {u i } is a transversal of H in G and each element from G can be written uniquely in the form g = zu i with z ∈ H. 
is untwisted if and only if there exists an F -algebra homomorphism
with twisting function τ . This twisting function has the property τ (h, g) = 1 for all h ∈ H and g ∈ G.
If τ (g, h) = 1 for all h ∈ H and g ∈ G, then
Proof. It is easy to see that if g = h 1 u j then
This yields τ (h, g) = 1. If τ (g, h) = 1 for all h ∈ H and g ∈ G, then we can apply (5) to obtain the lemma.
The twisted group algebras satisfying polynomial identities have been classified in [11] and this result was modified in [6] for the stably untwisted case. 
It is convenient to say that µ(h) =
) is the twist of h which plays an important role in the study of F λ [G] . An p-element u of G is called an untwisted p-element if the order of u coincides with the order of uγ for some γ ∈ F .
is a nil ideal and let a, b ∈ G. with the order of a and b respectively for some γ i ∈ F then ab is also a p-element, the order p l of ab coincides with the order of a bγ 1 γ 2 and
Proof. (i) Let a be an element of order p t and let k be the order of a. Then (6) yields that a k = µ(a) 1, so a (ii) First note that if
for all x, y ∈ F λ [G] and for all n. It follows that the nilpotent elements of
/N is commutative. Let a and b be untwisted p-elements, and assume that the orders of aγ 1 and bγ 2 coincide with the order of a and b respectively for some γ i ∈ F. Since aγ 1 − 1 ∈ N and bγ 2 − 1 ∈ N , we have
because the nilpotent elements of
for some l 1 , which shows that a bγ 1 γ 2 has order p l . Now ( abλ(a, b)γ 1 γ 2 ) p l = 1 implies that ab has order p m and, by (6), we obtain that
Hence ab has order p l and
(iii) Obviously, the Lie commutator [ a, b] belongs to the nil ideal F λ [G] [2] for all a, b ∈ G and the identity (7) [
ensures that ( a, b)− 1 is nilpotent. Then ( a, b) has order p m and an easy computation shows that
for some χ((a, b)) of F . The argument of the proof of (i) states that p m is the order of (a, b) and (9) ( a, b)
Moreover, from (3) and (8) follows that
is a nil ideal then the group commutator (a, b) is an untwisted pelement for any a, b ∈ G and the product of untwisted p-elements of G is also an untwisted p-element.
Upper and lower Lie nilpotent crossed products
Let R be an associative ring. The lower Lie central series in R is defined inductively as follows:
The two-sided ideal R
[n] = γ n (R)R of R is called the n-th lower Lie power of R. By Gupta and Levin [4] , these ideals satisfy the conditions
Let us define by induction a second set of ideals in R:
The ideal R (n) is called the n-th upper Lie power of R and these ideals have the property
Recall that R is called upper Lie nilpotent if R (n) = 0 for some n. Similarly, the ring R with R
[m] = 0 for some m is called lower Lie nilpotent; these classes of rings are different.
First assume that R is lower Lie nilpotent and let
(k ≥ 3) is a nilpotent ideal. Note that every element of R [2] has the form
Let R be of characteristic p. Then, by Brauer's formula,
, Brauer's formula implies that
There exists s such that x p s = 0 for every x ∈ R [2] , because R [3] is a nilpotent ideal, so the ideal R [2] is nil. Similar results are valid for upper Lie nilpotent rings R. 
Since any q-element c of G can be written as c = b p t for some b, the desired assertion follows.
We present two different proofs for the next result.
Proof. The first proof of the lemma uses the theory of polynomial identities. As we showed before F λ [G] satisfies a polynomial identity, and by Lemma 3, the group G has a normal subgroup A of finite index such that F λ [A] is stably untwisted and the commutator subgroup A ′ of A is a finite p-group. We start with some facts which will be used freely. By Lemma 4, (a, b) is a p-element for all a, b ∈ G and (13) ( a, b) = (a, b)χ ((a, b) ).
Now let
′ is p-group by Lemma 4. Moreover, P belongs to the F C-center of G and assume that C P (g) has infinite index in P for some g of G. For brevity, put χ((g, g i )) = π i . Clearly, (g, g 1 ) = 1 for suitable g 1 ∈ P and, using the fact that
Since the subset {(h, g) | h ∈ P } of P is infinite, there exists g 2 ∈ P such that
As before, it is easy to see that for each n there exist g 1 , g 2 , . . . , g n in P such that
Clearly [ g, g 1 , . . . , g n ] = 0 for each n, contradicting to the assumption that F λ [G] is upper (lower) Lie nilpotent. Thus for any g of G the centralizer C P (g) has finite index in P . But this imply that C G (g) has finite index in G, because Q is a central subgroup and A has finite index. Therefore we can suppose below that G is an F C-group.
Assume that the p-group G ′ is infinite. Then P is infinite, b 1 = (g 1 , g 2 ) = 1 for suitable g 1 , g 2 and
Now we claim that there exists a sequence {g i } with the following properties: g 2n+1 , g 2n+2 and b 2n+1 = (g 2n+1 , g 2n+2 ) are elements of
Indeed, assume that the sequence g 1 , g 2 , . . . , g 2n is given. The subgroup
of the F C-group G has finite index. Neumann's result [8] asserts that in an F Cgroup with infinite commutator subgroup G ′ the commutator subgroup of the subgroup C is also infinite. Then C ′ is a group with infinite commutator subgroup and it contains elements g 2n+1 and g 2n+2 such that
′ is a locally finite p-subgroup. Recall that if (a, b) = 1, then [ a, b] = 0 and we put π 2n+1 = χ ((g 2n+1 , g 2n+2 ) ). Now the properties of the sequence imply that
Clearly, this is nonzero for each n, contradicting that F λ [G] is upper (lower) Lie nilpotent. Therefore G ′ is a finite p-group, as claimed. Finally, let A ′ be of order p t . Our assertion is valid for t = 0 and assume its truth for t − 1. Lemma 5 says that b p t belongs to the center of G for any b ∈ G. It follows that any conjugacy class of G, which belongs to A ′ , has p-power order or it is central. This yields that A ′ has central subgroup L = c of order p and by Lemma 4 there exists γ ∈ F such that cγ has order p. Then F λ [G] can be realized in a second way as a twisted group algebra F τ [G] with the following diagonal change of the basis
with twisting function τ . Since c i is central, Lemma 2 asserts that
Of course, F τ [G/L] is upper (lower) Lie nilpotent, so we can apply induction to obtain that G ′ is a finite p-group.
The second proof for char(F ) > 2. For any a, b, c ∈ G the Lie commutator [ a, b, c] belongs to the nilpotent ideal F λ σ [G] [3] and let x be a non-zero fixed element from the annihilator of F λ σ [G] [3] . Clearly, Recall that if char(F ) = p and ∆(G) has no element of order p, then Theorem 3.5 from [7] states that F [2] for every α ∈ F and the element α − α σ(a) of the field F is zero, because it is nilpotent. Thus σ is trivial and so the crossed product F λ σ [G] is a twisted group algebra.
G] is lower (upper) Lie nilpotent if and only if one of the following condition holds: (2.i) F λ [G] is a commutative algebra (i.e G is abelian and the twisting function is symmetric).
Let F λ [G] be a twisted group algebra such that char(K) = p and
[p t ] = 0. By Lemma 4, the commutator subgroup G ′ is a p-group and Lemma 6 forces that G ′ is finite. Furthermore, Lemma 5 says that b p t belongs to the center of G for every b ∈ G. So the quotient G/C of G by the center C is a p-group of finite exponent with finite commutator subgroup. Clearly, the orders of those conjugacy classes of the group G/C, which are contained in the finite normal p-subgroup (G/C) ′ , are p-powers. Hence (G/C) ′ has a nontrivial central subgroup L and thus G/C is a nilpotent group. Remark that Lemma 4 confirms the remaining statements.
The converse statement was proved in [2] , so the proof is complete.
Using the notation of untwisting, Theorem 1 can be formulated as 
be a noncommutative lower (upper) Lie nilpotent algebra. By Theorem 1, char(F ) = p, G is a nilpotent group and G ′ has p-power order. As we remarked before, the nilpotent elements of
/N is commutative. By Lemma 4 for any g of G ′ we can choose γ g ∈ F such that the order of gγ g coincides with the order of g. Then gγ g − 1 is nilpotent and belongs to the radical J(
and if p m is the order of the group commutator (a, b) then by Lemma 4 we obtain
, which implies that
is a commutative algebra. Now Lemma 1 states that
is stably untwisted, then there exists an extension K of the field F such that K λ [G] is isomorphic to the ordinary group algebra KG via a diagonal change of basis and the result for KG has been already known. Since
, it is lower (upper) Lie nilpotent.
(n, m)-Engel crossed products
Let R be an associative ring and let n, m be fixed positive integers. If for every α ∈ F . It follows that the element α − α σ (a) of the field F is zero, because it is nilpotent. So σ is trivial and hence
is a twisted group algebra. First assume that G has no element of order p. By Corollary 2 from [12] , the nil ideal [2] is zero. So the twisted group algebra F λ [G] is commutative. Now let G be a noncommutative group with a p-element. Without loss of generality, by (14) , we can assume that (m, p) = 1. Lemma 4 ensures that every group commutator and their products are p-elements. Therefore G ′ is a p-group. Choose the smallest positive integer p t with n ≤ p t and let a, b ∈ G. The Lie commutator formula ensures that
This yields a b 
, and where p m is the order of (a, b).
Proof. There remains to prove only the sufficiency of these conditions, and as before, we can assume that F is an algebraically closed field of characteristic p.
Let G be a nilpotent group with a normal abelian subgroup B of a finite p-power index. Then for any a, b of B the twist of (a, b) is equal to 1. So (18) asserts that F λ [B] is a commutative algebra. Now we try to adapt the method of the proof of Theorem V.6.1 from [14] . For this we need additional information about the nilpotent groups G with a normal abelian subgroup B of index p s and about the
